We systematically calculate the isospin violating decay, D * s → Dsπ 0 , with the heavy meson chiral perturbation theory up to O(p 3 ) including the loop diagrams. The O(p 3 ) tree level amplitudes contain four undetermined LECs. We use two strategies to estimate them. With the nonanalytic dominance approximation, we get Γ[D * s → Dsπ 0 ] = (3.38 ± 0.12) eV. With the naturalness assumption, we give a possible range of the isospin violating decay width, [1.11 − 6.88] eV. We find that the contribution of the O(p 3 ) corrections might be significant.
I. INTRODUCTION
The D (s) -mesons are composed of one charm quark and one light antiquark. The dynamics of D (s) -mesons is constrained by both the chiral symmetry in the light quark sector and the heavy quark symmetry in the heavy sector. The subtle interplay of the light and heavy degrees of freedom within the D (s) -mesons renders them a crucial platform to explore and understand QCD. D * s0 (2317) and D s1 (2460) are two superstars in the D s family due to their unexpected low mass. The couple-channel effect between the DK ( * ) scattering states and cs components leads to the mass deviation from the quark model prediction [1] [2] [3] . See Ref. [4] for a recent review. In addition, the charm quark mass is not very large. Thus decay behaviors of D (s) -mesons will provide us very important information about the heavy quark symmetry and the light quark dynamics.
The strong and radiative decays of the charmed mesons have been studied in many different models. For example, the chiral perturbation theory and heavy quark effect theory are used in Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] . Various quark models are employed in Refs. [14] [15] [16] [17] [18] [19] [20] . There are also lots of other theoretical methods such as vector meson dominance hypothesis [21] , QCD sum rules [22] [23] [24] [25] [26] , quark-potential models [14, [27] [28] [29] , extended Nambu-Jona-Lasinio model [30, 31] , the cloudy bag model [32] , the constituent quark-meson model [33] , lattice QCD simulations [34] , and so on.
For the ground states, the mass splittings between D * (s) and D (s) just lie above the pion mass m π with 2 − 3 MeV. The constraint from phase space leads to the dominant pion and photon emission decay modes of D * (s) , i.e. D * (s) → D (s) γ and D * (s) → D (s) π. For the charmed strange meson D * s , the decay modes are particularly interesting. D * s → D s π 0 is the strong decay process which violates the isospin symmetry. The double suppressions from phase space and the isospin violation make the hadron decay width tiny, at the order of several eVs. The branch ratio of this strong decay mode is (5.8 ± 0.7)%, which is much less than that of the electromagnetic decay D * s → D s γ about (93.5 ± 0.7)% [35] . The decay * bin yang@pku.edu.cn † bo-wang@pku.edu.cn ‡ lmeng@pku.edu.cn § zhusl@pku.edu.cn mode challenges our physical intuition about the magnitude of strong decay.
The decay ratio of Γ(D * +
have been measured in CLEO [36] and BaBar [37] , respectively. Theoretically, this decay channel has been studied in Refs. [38] [39] [40] with the chiral symmetry and heavy quark symmetry, where only the tree level contributions are considered. The very exotic hadronic decay mode deserves more refined investigations.
The chiral perturbation theory is the effective field theory of low energy QCD, which is a systematic and modelindependent framework. It is a powerful tool to analyze the physics associated with the light degrees of freedom within the D (s) -mesons below the typical energy scale, m ρ . For the D (s) -mesons, the charm quark mass m c is much larger than the light quark mass m q (q = u, d, s), thus m c can be integrated out at the low energy scale. The color-magnetic interaction in the QCD Hamiltonian is suppressed by 1/m c and can be omitted at the leading order of the heavy quark effective theory. Thus, heavy quark is regarded as the static color source and the heavy quark spin symmetry is kept.
In Refs. [5] [6] [7] [41] [42] [43] [44] , the chiral effective theory incorporating heavy quark symmetry was constructed. In the effective theory, the chiral Lagrangian describes the low energy strong interactions between the heavy hadrons and light Goldstone bosons. Naturally, we can exploit this chiral effective theory to describe strong decay of the D * (s) → D (s) π. In this work, we focus on the isospin violating decay D * s → D s π 0 . We use the heavy meson chiral perturbation theory to investigate this process. Based on previous works, we not only calculate the leading order contribution, but also include the next-to-leading order loop diagrams and tree diagrams. The contributions of the loop diagrams manifest the complicated light quark dynamics, which generates some different structures from the leading ones. Besides, the m π dependent analytic expressions might be useful to do the extrapolations in lattice QCD simulations. This paper is organized as follows. In Sec. II, we give the effective Lagrangians with respect to the charmed mesons and light pseudoscalars. In Sec. III, we illustrate the Feynman diagrams of the decay D * s → D s π 0 , the corresponding analytic expression of each diagram, and the numerical results, respectively. In Sec. IV, we give some discussions and conclusions.
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II. EFFECTIVE LAGRANGIANS One may use the chiral symmetry and the heavy quark symmetry to construct the Lagrangians that account for the heavy mesons and light pseudoscalars. The light pseudoscalar mesons octet are described by the field U (x) = u 2 = e iφ/f φ with
and f φ is the decay constants of the light pseudoscalars. Their experimental values are f π = 92.4 MeV, f K = 113 MeV and f η = 116 MeV, respectively. The chiral connection is defined as
The leading order Lagrangian that describes the selfinteraction of the octet pseudoscalars can be written as [38, 45] L
where Tr[. . . ] denotes the trace in flavor space. The building block χ = 2B 0 m q contains the light quark mass matrix m q ,
and
is a parameter related to the quark condensate. The second term in Eq. (3) embodies the chiral symmetry breaking effect, which implies the π 0 and η mixing vertex, i.e.,
This equation demonstrates the origin of the isospin symmetry violation at the quark level, i.e., the tiny mass difference between u and d quarks.
The spin doublet of the anticharmed vectorsD * and pseu-doscalarsD can be expressed as the four-velocity dependent superfield H in the heavy quark limit, i.e.,
where v = (1, 0) is the four-velocity of the heavy mesons, and the charmed meson fields are denoted as
The leading order Lagrangian describing the low energy interactions of the anticharmed mesons and light pseudoscalars reads
where D µ = ∂ µ + Γ µ , and . . . denotes the trace in spinor space. ∆ = m P * − m P is the mass splitting betweenD * and D. g ≈ 0.59 represents the axial coupling constant, which can be determined from the partial decay width of D * + → D 0 π + [13, 35] or lattice QCD [46] . u µ is the chiral axialvector current, which reads
In Eq. (8), the first term describes the kinetic energy of the heavy mesons. The second term comes from the 1/m Q correction of the next-to-leading order color-magnetic interaction in heavy quark expansion. The third term gives the coupling vertices ofD * D π andD * D * π.
Next we shall consider the contribution of the O(p 2 ) tree diagram. In order to construct such an O(p 2 ) Lagrangian to provide D * s D s π 0 vertex, we need the building blocks χ − and ∂ µ u µ . If we use the building block χ − , one should notice that the parity of this building block is negative, i.e., we have to multiply another O(p 0 ) building block with negative parity to make sure the parity of the Lagrangian is positive. However, there does not exist such a building block that can satisfy both the requirement of parity conservation and Lorentz invariance. For the other building block ∂ µ u µ , their exists the same problem. Thus, there does not exist O(p 2 ) chiral Lagrangian contributing to the isospin violating process after considering the constraint from Lorentz invariance and CPT conservation.
In our calculation, we also consider the contribution from the loop diagrams, which will be presented in latter part. According to the power counting, the chiral order of the one-loop diagrams is at least O(p 3 ). In order to absorb the divergence in the loop diagrams, the O(p 3 ) tree-level Lagrangian is constructed as follows,
where Λ χ = 4πf π . b 1 , b 2 , c 1 , c 2 and d are five low energy constants (LECs). The spurions χ ± are introduced as
The Lagrangian (10) contains all possible relevant terms satisfying the requirement of the symmetries.
However, the structures of the terms H u /γ 5 H ∂ ν ∂ ν u µ γ µ γ 5 H is actually the same as the fourth term in the Lagrangian in our calculation, and we did not write it in Eq. (10). With the above Lagrangians, we can analytically calculate the decay process D * s → D s π 0 up to O(p 3 ).
III. ISOSPIN VIOLATING DECAY

A. Power counting and Feynman diagrams
In chiral perturbation theory, one can use the power counting to assess the importance of Feynman diagrams generated by the effective Lagrangians when calculating the physical matrix element. The standard power counting for this process yields,
where N L , I M and I H are the numbers of loops, internal light pseudoscalar lines and internal heavy meson lines, respectively. N n is the number of vertices which are governed by the n-th order Lagrangians. Thus, we can write down the decay amplitude as the following expression,
where the superscripts in the parentheses represent the chiral order. For the O(p) tree diagram, the isospin violating effect comes from the π−η mixing as shown in Fig. 1 . From Eq. (5), the π − η mixing effect comes from the mass difference between u and d quarks.
The loop diagrams with the vertices from the leading order Lagrangians [e.g., see Eqs. (3), (8) and (10) (8) . The vertex denoted with the cross is from the Lagrangian (5) . The vertex in the diagram (e, f ) connecting two heavy mesons and three pseudoscalars also stems from the third term of Eq. (8), where we need to expand the axialvector field u µ to the second order. For the vertices with two heavy mesons and two light pseudoscalars in diagram (g, h, i, j), we can derive them in the first term of Eq. (8) . The chiral connection in the covariant derivative generates this kind of vertex.
For the O(p 3 ) loop diagrams, the isospin violating effect comes from two processes. The graphs (b, d, f , h, j) contain the η − π mixing vertex which resembles the O(p) tree diagram. For the second type of the loop diagrams (a, c, e, g, i), they do not have the direct isospin violating vertex, i.e., η − π mixing. The second type of isospin violation arises from incomplete cancellation of diagrams considering the mass splitting of particles within the same isospin multiplet in the loops. For example, we shall consider the internal light pseudoscalars such as K − andK 0 , when calculating the loop diagram (a). If we ignore the mass splitting between K − andK 0 , their contributions are exactly the same but with opposite sign. The graph (a) becomes nonvanishing and gives the isospin violating effect when the tiny mass difference δ m K = mK0 − m K − is kept. Actually, both types of isospin violating effects originate from the mass difference between the u and d quarks.
Besides the mass splitting between u and d quarks, another source of the isospin violating effect stems from the electromagnetic interaction, the charge difference between u and d quarks. The Feynman diagram is shown in Fig. 3 . The vertex π 0 → 2γ denoted by the solid triangle arises from the axialvector current anomaly. However, the Feynman amplitude of such a diagram is proportional to α 2 , where α is the fine structure constant. The contribution of this diagram is highly suppressed. Thus, it is reasonable to neglect the isospin violation from the electromagnetic interaction in our calculation.
The tree diagrams with the vertices coming from the nextto-leading order Lagrangian (10) are also O(p 3 ). We show the diagrams in Fig. 4 . The O(p 3 ) tree diagram can contain the D * s D s π 0 vertex, which is different from the O(p) one.
B. Analytical results
Using Eqs. (8) and Eq. (5), one can easily get the amplitude of the O(p) tree diagram [see Fig. 1 ], which yields
where q and ε are the momentum of π 0 and polarization vector of D * s , respectively. The parameter B 0 (m d − m u ) in Eq. (5) has been replaced by m 2 K 0 − m 2 K + . The decay amplitudes of the O(p 3 ) loop diagrams in Fig. 2 are given as follows,
iM 
iM
For the renormalization of the wave functions of the D s meson,
where
And for the renormalization of the wave functions of the D * 
In Eqs. (23) and (25), the expressions of Σ Ds and Σ D * s read, 
The parameters ω 1,2,3 , δ 1,2,3 and ∆ 1,2,3 given as,
where E is the energy of D * s , which equals to m D * s in the center of mass frame of the initial state.
For the O(p 3 ) tree diagrams in Fig. 4 , their amplitudes read,
with
where M (1) is the O(p) amplitude in Eq. (14) . The contribution of the first O(p 3 ) tree diagram contains two parts, iM (a1) and iM (a2) . The second part can be absorbed into the leading order diagram, because they have the same Lorentz structure except a constant factor. We ignore the isospin breaking effect from the decay constants of the light pseudoscalar mesons when calculating the contribution of the loop diagrams. Because the isospin breaking effect from the K meson decay constant is about 0.1% [35, 47, 48] . After performing the average over the initial D * s polarization, the decay width of D * s → D s π 0 can then be written as
C. Numerical results
We have derived the analytical expressions of the isospin violating decay D * s → D s π 0 with the chiral perturbation theory up to O(p 3 ). However, the O(p 3 ) Lagrangian [see Eq. (10)] contains unknown LECs, which are hard to be determined at present. In order to include the effects of the O(p 3 ) tree diagrams, we use two different strategies to estimate their contributions. Strategy A: We first adopt the nonanalytic dominance approximation [49] [50] [51] to estimate the O(p 3 ) tree diagram contributions. We know that in the chiral perturbation theory, the amplitude of a tree diagram is the polynomials of m 2 φ and q 2 , i.e., it only contains the analytic terms. While for a loop diagram, its amplitude might not only contain the polynomials of m 2 φ and q 2 , but also have the typical multivalued functions, such as logarithmic and square root terms, which are called as the nonanalytic terms. The nonanalytic dominance approximation assumes that the analytic part of O(p 3 ) loop diagrams and the O(p 3 ) tree diagrams are roughly the same. This approximation might be rough to some extent, but can give us some clear indications about the convergence of the chiral expansion.
We then use this strategy to estimate the O(p 3 ) tree level contribution and treat it as the error of our numerical result. Our calculation yields 
The contributions are listed in Table I order by order. The results are given in the cases of ∆ = 0 and ∆ = 0, respectively, where ∆ = m D * (s) − m D (s) . For example, for the case of ∆ = 0, we keep all the physical mass splittings in the loops. While for the case of ∆ = 0, i.e., in the heavy quark limit, we neglect the mass difference of D * (s) and D (s) . From Table I , we see that the variation of the total decay width of D * s → D s π 0 is not obvious, whereas the change of contribution from the O(p 3 ) loop diagrams is dramatic with ∆ = 0 and ∆ = 0. In other words, the heavy quark symmetry breaking effect at the loop level is very significant for the charm sectors. This effect has been noticed by some previous works [13, 52] . Additionally, we give the contributions of each O(p 3 ) loop diagram in Table II . We also notice that the convergence of the chiral expansion is very good, even if we work in the SU(3) case. The convergence of the ∆ = 0 case is much better than that of the ∆ = 0 case. In Eqs. (34) and (35) we adopt the ∆ = 0 result to predict the decay width and total width of D * s . Strategy B: We consider the naturalness of the chiral perturbation theory [53, 54] . The amplitude can be expanded generally in power series of q/Λ χ as follows,
where M (0) is the leading order amplitude, µ is the chiral order, and F(g i ) is a function of LECs. Therefore, in order to keep the convergence of the chiral expansion, a natural TABLE I. The contributions order by order and the decay width of D * s → Dsπ 0 with ∆ = 0 and ∆ = 0, respectively. We give the numerical results of the structure iM/(q · ) in unit of 10 −3 GeV −1 , and the decay width in unit of eV. 
Mass
Here we replace all the O(p 3 ) LECs as "αg/2", where g is the LEC of the leading order Lagrangian, and parameter α is a order one number. The effect of the O(p 3 ) LECs can be roughly represented by the size of the parameter α. Thus, in order to discuss the contribution of the O(p 3 ) tree diagrams as much as possible, we change the parameter from -1 to 1. The change of the total decay width with the parameter is shown in Fig. 5 . When the α varies from from -1 to 1, the total decay is 1.11-6.88 eV. We can see that the contribution of the O(p 3 ) tree diagrams could be quite large. Nominally, the O(p 3 ) tree diagrams should be suppressed by the factor 1/ (4πF π ) 2 . But the η meson mass is 547.8 MeV, which makes the correction not as small as one naively guesses. Thus, the O(p 3 ) correction is important.
IV. SUMMARY
The heavy quark spin symmetry implies that the mass difference between the vector mesons D * and pseudoscalar mesons D is small. Their mass splittings just lie above the pion mass with 2 − 3 MeV. Therefore, the lowest D * mesons only have two main decay modes. One is the pion emission strong decay D * → Dπ, and the other one is the electromagnetic D * → Dγ decay. Generally, the decay width of the later one is usually much smaller than the first one due to the strength of the interactions. However, for the charmed strange meson D * s , the strong decay mode D * s → D s π 0 is much smaller than the electromagnetic one [35] due to the double suppression of the phase space and isospin violation.
In this work, we have systematically calculated the isospin violating decay D * s → D s π 0 with the heavy meson chiral perturbation theory up to the O(p 3 ) including the loop diagrams. The analytical expressions are derived up to chiral order O(p 3 ). For this process, the O(p 2 ) Lagrangian does not exist under constraint of the parity and Lorentz symmetries. The corrections to the leading order contribution come from the O(p 3 ) tree and loop diagrams. The vertices of the O(p 3 ) loop diagrams are governed by the leading order Lagrangians. Thus, the numerical result of the loop diagrams only depends on one parameter g, which has been well determined by experiments and lattice QCD. Our calculation of the leading order amplitude and O(p 3 ) loop diagrams shows very good convergence of the chiral expansion. The convergence in the ∆ = 0 case is much better than that in the ∆ = 0 one.
The O(p 3 ) tree level amplitudes contain four undetermined LECs. We use two strategies to estimate the uncertainty of the O(p 3 ) tree level contributions. With the nonanalytic dominance approximation, we get the Γ[D * s → D s π 0 ] = (3.38 ± 0.12) eV. With the naturalness assumption of the chiral perturbation theory, we give a possible range of the isospin violating decay width, [1.11, 6 .88] eV. We find that the contribution of the O(p 3 ) tree diagrams might be significant compared with the leading order one.
The isospin violating decay plays a very important role in studying the character and structure of the D * s meson. We expect experiments and lattice QCD can provide more results about the decays of the charmed mesons in the future. Our analytical expressions can also be helpful to the chiral extrapolations in lattice QCD simulations.
(A6) We adopt the MS scheme to renormalize the loop integrals. The L is defined as follows,
where γ E ≈ 0.5772 is the Euler-Mascheroni constant. .
(A8)
